We consider modification of an atom-field nonresonant interaction due to the motion of the atom ͑ion͒ in a confining potential of the trap. We study the electromagnetic field emitted by the trapped atom for various states of its center of mass. In particular, we study the radiation emitted by the atom when its center of mass is in a superposition of two quantum states and in a statistical mixture of the two states. We show that the differences between these cases are rather elusive, but they can be detected when some particular conditions are satisfied. We point out that they can be used as a way to detect the coherence of the state of the center of mass.
I. INTRODUCTION
The interaction between atoms and electromagnetic radiation is one of the best studied physical processes. The interaction can be modified in a wide variety of ways. Much attention has been paid in recent years to the effects due to modification of the structure of the electromagnetic radiation modes in cavities ͓1͔. Atomic motion can also modify the atom-field interaction. Doppler broadening in spontaneous emission is perhaps the best known example ͓2͔. Quantummechanical motion of the atom has also been considered recently ͓3,4͔.
Creation and observation of atomic states with typical quantum features, such as Fock states, squeezed states, and Schrödinger's cat states, in ion traps have been investigated ͓5͔ and experimentally realized ͓6͔. Other phenomena that take place in traps, such as spontaneous emission from atomic wave packets, have also been discussed ͓7͔.
A lot of work on the interaction of moving atoms with electromagnetic field was done in the framework of laser cooling theory ͓8͔. Most of attention was devoted to the cooling process, or manipulation of atomic motion by external laser beam.
In this paper we will further discuss these problems but from a different point of view. We will assume that a trapped two-level atom ͑ion͒ interacts with one mode of electromagnetic radiation. We will also assume that the atomic center of mass is initially in a given state. The atom interacts with the electromagnetic radiation absorbing and emitting photons. When the atom absorbs or emits one photon its center of mass gets a ''kick'' because of recoil. In principle, this kick changes the state of the center of mass. However, this effect can be neglected in the first approximation if the recoil momentum is negligible when compared to the average momentum of the atom and the recoil rate is low. The recoil rate is low if the atomic transition frequency is not resonant with the frequency of the radiation. Our analysis is restricted to such a case.
Special attention will be paid to the quantum-mechanical features of the atom-field interaction. In particular we will compare the fluorescence signal from the statistical mixture of two atomic states with the signal from a quantum superposition of the same atomic states. We will show that under particular conditions the fluorescence signals can be quite different.
The paper is organized as follows. In Sec. II we describe the physical system under consideration and introduce the notation. In Sec. III we consider the case of three different atomic states: the Fock ͑or number͒ state, the coherent state, and the thermal state. The ͑reduced͒ Hamiltonians for the atom-radiation interaction are derived and discussed. In Sec. IV we consider other states of the atomic center of mass. We will consider the statistical mixture of two atomic states and the quantum superposition of the same atomic states. In Sec. V we use the rotating-wave approximation and obtain the dynamical equations for the system. The numerical solution for the fluorescence signal will be derived for some particular case. We will show that quantum interference or, equivalently, coherences can give rise to a different fluorescence.
II. HAMILTONIANS
We consider a two-level atom interacting with one mode of the electromagnetic field. The field is represented either by a standing wave or by a running wave, with frequency . The two internal atomic states are represented by ͉ϩ͘ and ͉Ϫ͘, with energies E ϩ ϭប 0 /2 and E Ϫ ϭϪប 0 /2, respectively. The atomic center of mass ͑i.e., the nucleus in the first approximation͒ is subject to a confining harmonic potential in one dimension. The frequency of the trap is denoted by ⍀.
The Hamiltonian that describes the system is
where
is the free Hamiltonian of the center of mass ͑c.m.͒ in the harmonic potential,
is the free Hamiltonian of the quantized field,
is the free Hamiltonian of the atomic internal degree of freedom, and H int describes the interaction. In the previous equations, a and a † are the annihilation and creation operators for the mode of radiation considered and A and A † are the analogous operators for the c.m.; z is the usual Pauli matrix. The form of H int depends on the form of the electromagnetic ͑e.m.͒ field. For the standing wave it is
whereas for the running wave it becomes
In the two forms of H int above, ⑀ is the coupling constant, R 0 is the equilibrium position of the atom in the trap, R is the atomic position operator, ϩ ( Ϫ ) is the raising ͑lowering͒ operator of the internal atomic state, kϭ/c, and is defined via
The parameter is the Lamb-Dicke parameter. It denotes the ratio of the size of the wave function of the ground state of the nucleus to the wavelength of the emitted radiation. Its squared value 2 is also the ratio of the recoil energy to the energy of a single excitation in the trap.
III. ATOM-RADIATION INTERACTION
The evolutions in time of the degrees of freedom of the system cover different regimes. The oscillation of the c.m. has natural frequency ⍀, which can be of the order of 10 3 Hz for neutral atoms and 10 6 Hz for trapped ions, whereas 0 ϳ10 15 Hz for optical transitions ͑we will also consider of the same order as 0 ). Then ⍀Ӷ, 0 , which means that the oscillation of the c.m. is much slower than the oscillation of the internal degree of freedom. We can then assume that the electron follows instantaneously the c.m. and the whole atom is a heavy and slow oscillator. We assume that the c.m., which is described by the state ͉⌿ C ͘ at tϭ0, evolves in the first approximation under the effect of H C only:
The atom-field interaction is then described by the reduced Hamiltonian
The validity of the approximation that we use is limited in time. On a long-time scale the recoil cannot be neglected; the c.m. does not evolve freely but gets coupled to the radiation field through the internal degrees of freedom. As we stressed in the Introduction, the approximation is valid until the recoil momentum gained by the atom in the emission-absorption processes is negligible when compared to the average momentum of the c.m. This can be realized in the Lamb-Dicke regime, i.e., Ӷ1. Nonetheless, we will keep the exact form of the interaction in the Hamiltonians ͑2.5͒ and ͑2.6͒ without making use of the Lamb-Dicke approximation, which neglects second-and higher-order terms in .
A. Fock state
As the first example we assume that the c.m. is in a Fock ͑or number͒ state
͑3.3͒
This state is stationary. The reduced Hamiltonians that describe the atom-radiation interaction are then
for the standing wave and
for the running wave. In the equations above, L N ( 2 ) are Laguerre polynomials.
The system is thus described by the Jaynes-Cummings model. The effect of the atomic motion is clear: It modifies the coupling constant. The value of the ͑reduced͒ coupling constant depends on the parameters of the system. The coupling can even vanish if the center of the harmonic potential coincides with the node of the standing wave. Alternatively, the coupling vanishes for those values of 2 that are zeros of the Laguerre polynomials that appear in both Hamiltonians. These values can be far from the Lamb-Dicke regime. None-theless our approximation is still correct in this case because there is no recoil at all. We stress that this information is lost if the Lamb-Dicke approximation is performed.
B. Coherent state
We assume now that the c.m. is in a coherent state
where ␣ϵ␣(0) is chosen to be real for simplicity. The reduced Hamiltonians are then Since the coherent state is time dependent, the coupling constant in Eqs. ͑3.7͒ and ͑3.8͒ is also time dependent.
C. Thermal state
We consider here a thermal state. Its density matrix is
where ϭប⍀/k B T; k B is the Boltzmann factor and T is the temperature. The reduced Hamiltonian is then obtained by
Simple calculations give
and
where we have used the generating function of the Laguerre polynomials ͓9͔. The system is again described by the Jaynes-Cummings model.
IV. QUANTUM SUPERPOSITION VS STATISTICAL MIXTURE
It is our intention to investigate the possibility to distinguish quantum superposition of states from the statistical mixture of states by simply detecting the fluorescence signal. We consider then the following states: ͑i͒ the superposition of two number states, ͑ii͒ the statistical mixture of two number states, ͑iii͒ the superposition of two coherent states ͑also known as Schrödinger's cat state͒, and ͑iv͒ the statistical mixture of two coherent wave packets. The density matrices of the mixtures are num,mix ϭ 1 2
for the mixture of two number states and
for the mixture of two coherent states. The superposition of two coherent packets, which is usually called Schrödinger's cat state ͓10͔, is
When the separation between the two wave packets is large, i.e., ␣у1, the cat state may be written as
The superposition of two number states that we consider is
͑4.5͒
Although the reduced Hamiltonians can be derived straightforwardly from these states, we also give the density matrices of these two states: 
͑4.7͒
From these expressions it is clear that the density matrices for the statistical mixture of states is part of the density matrices of the superposition of states. This feature also reflects in the Hamiltonians. Only the off-diagonal terms in the density matrices of the superposition of states, i.e., the coherences, can then be responsible for a different fluorescence signal. for the quantum superposition. For the number states we obtain
for the statistical mixture and
for the quantum superposition. In the equations above the function has been introduced for simplicity. It can also be expressed in terms of associated Laguerre polynomials ͓11͔.
V. ROTATING-WAVE APPROXIMATION
We have shown in the preceding section that a free evolution of the atomic c.m. gives rise to a modified Hamiltonian, where the reduced coupling ''constant'' ͑which can depend on time͒ contains the essential features of the atomic motion. We perform now the rotating-wave approximation ͑RWA͒ in the reduced Hamiltonians that we have obtained in the previous sections, neglecting the rapidly oscillating terms. In all the cases considered above, the reduced Hamiltonian in the RWA has the form
where ⍀ 0 (t) and its complex conjugate can be considered as a time-dependent effective Rabi frequency. The interaction term in the Hamiltonian is such that if
is the state that describes the internal atomic and radiation degrees of freedom in the interaction picture (n and nϩ1 represent the number of photons in the states͒ at tϭ0, then ͉͑t ͒͘ϭ␥͑ t ͉͒ϩ,n͘ϩ␦͑ t ͉͒Ϫ,nϩ1͘ ͑5.3͒
at any subsequent time. This kind of decomposition of state space is characteristic for all models involving the RWA.
The dynamical equations for ␥(t) and ␦(t) are easily found from the Schrödinger equation:
and ⌬ϵϪ 0 is the detuning. We will consider ⌬Ͼ0 ͑blue detuning͒ because in the case of red detuning the atom is pushed towards the regions of higher field intensity ͑Ref. ͓8͔, pp. 35 and 36͒, where the recoil rate strongly increases. We also emphasize that if we consider the interaction of the atom with a classical light, the Hamiltonian would be
and Eqs. ͑5.4͒ and ͑5.5͒ would still be valid, with ⍀ nϩ1 (t) replaced by E⍀ 0 (t). Equations ͑5.4͒ and ͑5.5͒ can be integrated numerically: The expression for the average photon number
͑5.8͒
and for the atomic level occupations
then follow. The explicit expressions of the average photon number and the population depend on the expression of the effective Rabi frequency. A wide variety of dynamical evolutions of the system can be obtained when the parameters that appear in the effective Rabi frequency are varied. We investigate the effects of quantum interference in the fluorescence signal. As we know, the intensity of the fluorescence signal is proportional to the upper-level population ͓2͔. So sufficiently fast photodetectors should be able to trace directly P ϩ (t).
We first consider the coherent states. Although the Hamiltonians for the statistical mixture and the superposition are different, it is difficult to appreciate the quantum effects in the fluorescence in this case. When the atom interacts with the electromagnetic field described by a running wave, quantum interference can give a significative contribution only when Ӎ2␣. Since our approximation requires Ӷ1, the same condition should be imposed on ␣. However, in this case the two wave packets are not well separated in space. A good Schrödinger's cat state requires ␣у1. When the atom interacts with a standing wave, there is an additional possibility due to the structure of the wave. If the bottom of the trap R 0 is placed in the node of the wave, the coupling vanishes for the statistical mixture, but not for the cat state. Then the presence of a fluorescence signal indicates that the atom is in a cat state rather than in a statistical mixture of two coherent states. Unfortunately, this event is strongly sensitive to the exact position of R 0 . If R 0 is slightly off the node, the fluorescence signals from the mixture and from the superposition are hardly distinguishable.
We consider now the number states. The contribution from quantum interference is described by the function F n 1 ,n 2 (), which we have defined above. This function is negligible when ͉n 1 Ϫn 2 ͉ӷ1. We will consider then ͉n 1 Ϫn 2 ͉ϭ1. When the atom interacts with the electromagnetic field represented by a running wave, the effects of quantum interference are hardly visible, even though the coupling constants of the mixture and the superposition are qualitatively different ͑the former is really constant, and the latter is time dependent͒. When the atom interacts with a standing wave the difference between the two cases is enhanced by the structure of the wave. Again, if R 0 is placed in the node of the wave the coupling of the mixture vanishes, but the coupling of the superposition does not. Moreover, the effect is less sensitive to the exact position. Even though R 0 is slightly off the node, the fluorescence signal from the superposition is significantly different from that coming from the mixture ͑see Fig. 1͒ .
Finally, we would also like to mention the following point. If we take ␣ large enough ͑say ␣ϭ1 or more͒ and Ӎ2␣, the fluorescence from the cat state is much stronger than that from the statistical mixture in our approximation because of the quantum interference of the two wave packets when they cross the center of the trap. In this case, however, the emission of photons strongly affects the atomic state and our approximation is then valid on a very limited time interval. The detection of the different fluorescences then relies on the following conditions: ͑i͒ the use of very efficient detectors and ͑ii͒ the possibility to create the atomic cat state at tϭ0 with a predetermined phase. Experiments performed with different initial phases could then give some evidence of the atomic state.
Therefore, under particular circumstances the light emitted by an atom may prompt evidence of the quantum nature of the state of its center of mass. The study of the emitted radiation does not provide full information about the quantum state, unlike an approach with Wigner functions or density matrices ͓6͔. Thus our method to reveal the atomic motional state is not an alternative to full state reconstruction. Rather it presents a simple and straightforward test that can discriminate between some quantum states.
VI. CONCLUSIONS
We have considered the motion of an ion in a confining harmonic potential and its effects on the interaction of the ion with one mode of the e.m. field. Different quantum states of the ion lead to different forms of effective interaction. A stationary state ͑Fock state͒ and a thermal state give rise to interactions described by a modified Jaynes-Cummings model, the coupling constant of which depends on the parameters of the system. The coupling constant can thus be varied and can even vanish. Time-dependent states of the ion, such as a coherent state, lead to a time-dependent Rabi frequency. The difference between quantum superposition of states and statistical mixture of states has also been investigated. For that purpose we have considered the fluorescent light emitted by the atom. We have shown that the light emitted by a superposition of states can be different from the light emitted by a statistical mixture. The conditions to realize this situation have been also discussed. It has been shown that interaction with the electromagnetic field represented by a standing wave is required. ACKNOWLEDGMENTS M.C. wishes to thank N. Bigelow for a useful discussion, the Center for Theoretical Physics of the Polish Academy of Sciences for the warm hospitality, and P. Masiak for his patient help. This work was partially supported by the Polish Committee for Scientific Research, Contract No. 2 PO3B 038 09.
